For an arbitrary ring R we completely characterize when Q (R), the maximal right ring of quotients of R, is a direct product of indecomposable rings and when Q (R) is a direct product of prime rings in terms of conditions on ideals of R. Our work generalizes decomposition results of Goodearl for a von Neumann regular right self-injective ring and of Jain, Lam, and Leroy for Q (R) when R is right nonsingular. To develop our results, we define a useful dimension on bimodules and characterize the subset of ideals of R which are dense in ring direct summands of Q (R). A structure theorem for RB(Q (R)), the subring of Q (R) generated by {re | r ∈ R and e ∈ B(Q (R))}, is provided for a semiprime ring R.
For an arbitrary ring R we completely characterize when Q (R), the maximal right ring of quotients of R, is a direct product of indecomposable rings and when Q (R) is a direct product of prime rings in terms of conditions on ideals of R. Our work generalizes decomposition results of Goodearl for a von Neumann regular right self-injective ring and of Jain, Lam, and Leroy for Q (R) when R is right nonsingular. To develop our results, we define a useful dimension on bimodules and characterize the subset of ideals of R which are dense in ring direct summands of Q (R). A structure theorem for RB(Q (R)), the subring of Q (R) generated by {re | r ∈ R and e ∈ B(Q (R))}, is provided for a semiprime ring R.
Our methods allow us to properly generalize Rowen's theorem for semiprime PI-rings. We also apply our results to Functional Analysis to obtain a direct product decomposition of the local multiplier algebra, M loc (A), of a C * -algebra A. As a byproduct, we obtain a complete description of a C * -algebra whose extended centroid is C ℵ . As a consequence, we show that a C * -algebra with only finitely many minimal prime ideals and satisfying a polynomial identity is finite-dimensional.
Introduction
Throughout this paper all rings are associative with unity unless indicated otherwise and R denotes such a ring. Subrings and overrings preserve the unity of the base ring. We use Q (R) to denote the maximal right ring of quotients of R, and B(Q (R)) to denote the central idempotents of Q (R).
Ideals without the adjective "right" or "left" mean two-sided ideals. The notation I P R means that I is an ideal of a ring R.
All modules are assumed to be unital. For a right R-module M R , N R M R , N R P M R , N R ess M R , and N R den M R denote that N R is a submodule, fully invariant submodule, essential submodule, and dense (or rational) submodule of M R , respectively. An interesting result of Goodearl [26, Corollary 12.24, p. 158 ] (see also [25] 
), states: Let R be a von Neumann regular right self-injective ring. Then R is isomorphic to a direct product of prime rings if and only if every nonzero ideal contains a minimal nonzero ideal.
More recently, in [27] , Jain, Lam, and Leroy develop a dimension defined on bimodules and use it to characterize when Q (R) is a direct product of prime rings in terms of conditions on ideals of a right nonsingular ring R. Their result generalizes the aforementioned result of Goodearl and may also be considered as a generalization of the Gabriel and Johnson Theorem [31, Theorem 13.40]:
Q (R) is semisimple Artinian if and only if R is right nonsingular and the uniform dimension of R is finite (i.e., u.dim(R R ) < ∞).
In this paper, the main focus of our study is to investigate the connections between the ideal structure of an arbitrary ring R and the ideal structure of Q (R). In particular, we obtain necessary and sufficient conditions for Q (R) to decompose as a direct product of indecomposable rings or as a direct product of prime rings. One of our major contributions in this work is the removal of the "nonsingularity condition" from several important results of [27] . We do this by identifying a special family of ideals of R and introducing a dimension (Johnson dimension) on bimodules. This family of ideals of R is denoted by D IC (R) and is determined by the property that for each I ∈ D IC (R), there exists J P R such that (I ⊕ J ) R den R R .
The family D IC (R) was identified by Johnson in [28] by other properties equivalent to the property given above and was denoted as F (R). 
R) is semiprime) (Theorems 3.11 and 3.13). Moreover, our results show that for a semiprime ring R, RB(Q (R)) is the smallest right ring of quotients of R such that every ideal is essential in a ring direct summand (Corollary 2.8). Also, in this case, R has exactly n minimal prime ideals P 1 , . . . , P n if and only if RB(Q (R)) ∼ = R/P 1 ⊕ · · · ⊕ R/P n (Theorem 3.15). We take RB(Q (R)) to be the subring of Q (R) generated by {re | r ∈ R and e ∈ B(Q (R))}. When R has unity RB(Q (R)) is the idempotent closure defined in [7] and [8] .
A general question of interest is to determine when a right ideal X of R is right essential in a direct summand of Q (R). A related question is to find out when an ideal of R is dense (as a right R-module) in a ring direct summand of Q (R). As a byproduct of our investigations, we answer the second question by showing that an ideal I of R is dense in e Q (R) R with e ∈ B(Q (R)) if and only if I ∈ D IC (R) (Theorem 2.10) . Consequently, we show that Cen(I) ⊆ Cen(R) for every I ∈ D IC (R). This allows us to generalize a well-known result of Rowen for semiprime PI-rings [38, Theorem 2] . Indeed, we prove that any nonzero ideal of a semiprime ring R, with each prime factor ring a PI-ring, has a nonzero intersection with the center of R (Theorem 2.14). We provide an example to show that this is a proper generalization of Rowen's result. The last section of our paper is devoted to the applications of our results and techniques to (not necessarily unital) C * -algebras. We characterize a C * -algebra which is essential in a C * -direct product of prime C * -algebras. In this case, the C * -algebra is an essential extension of a C * -direct sum of prime C * -algebras (Theorem 4.3). Furthermore, we prove that for a C * -algebra A, its local multiplier algebra, M loc (A), is a C * -algebra direct product of ℵ prime C * -algebras if and only if the extended centroid of A is C ℵ , where ℵ is a cardinality and C is the field of complex numbers (Theorem 4.3).
As a consequence, for a positive integer n, a C * -algebra A has exactly n minimal prime ideals if and only if the extended centroid of A is C n if and only if M loc (A) is a direct sum of n prime C * -algebras (Corollary 4.10). Moreover, we show that a C * -algebra A satisfies a polynomial identity and has exactly n minimal prime ideals if and only if A is (as a C * -algebra) isomorphic to a direct sum of n rings of matrices over C (Corollary 4.12). We use Z (R R ), P(R), I(R), B(R), Cen(R), and Mat n (R) to denote the right singular ideal of R, the prime radical of R, the set of all idempotents of R, the set of all central idempotents of R, the center of R, and the n × n matrix ring over R, respectively. For a nonempty subset X of a ring R, R (X), and r R (X) denote the left annihilator of X in R and the right annihilator of X in R, respectively. For a positive integer n > 1, we let Z n denote the ring of integers modulo n. If R is a ring, we let S (R) = {e ∈ I(R) | ae = eae for all a ∈ R}. Elements of S (R) are called left semicentral idempotents of R. The set S r (R) of all right semicentral idempotents of R can be defined similarly (see [10] ). Note that B(R) = S (R) ∩ S r (R). We say that a nonzero central idempotent of a ring R is centrally primitive if e cannot be written as a sum of two nonzero orthogonal central idempotents in R.
where Q s (R) is the symmetric ring of quotients. For any other terms or notation, see [21] or [31] .
Idempotent closure classes
In this section, R denotes a ring not necessarily with unity, but R (R) = 0. From [41] , Q (R) exists and has unity. Observe that if R has unity or is semiprime, then R (R) = 0. We use R 1 to denote the subring of Q (R) generated by R and 1 Q (R) .
Our goal is to obtain structure theorems on Q (R) by using conditions on ideals of R. . In fact, we show that every nonzero ideal of a semiprime ring R has a nonzero intersection with the center of R if each prime factor ring of R is a PI-ring (Theorem 2.14).
To motivate our search for the desired set, D IC (R), we note that cR ∩ R (cR) = 0 and R (cR) ∩ R ( R (cR)) = 0 for c ∈ B(R). So from the earlier remarks and in anticipation of our results in this section, we make the following definition. Definition 2.1.
(ii) Let IC denote the class of rings R such that for each I ∈ D IC (R) there exists some e ∈ I(R) such that I R ess eR R . We call the class IC the idempotent closure class.
The set D IC (R) of ideals of R was studied by Johnson and denoted by F (R), who showed that if
The following facts about ideals in D IC (R) can be easily proved.
Remark 2.2.
(i) R is semiprime if and only if D IC (R) is the set of all ideals of R.
(ii) Let e ∈ I(R) such that eR P R. Then eR ∈ D IC (R) if and only if e ∈ B(R).
(iii) Let P be a prime ideal of R. Then P ∈ D IC (R) if and only if P ∩ R (P ) = 0.
(iv) Let P be a prime ideal of R and P ∈ D IC (R).
We begin with the following lemma which will be used implicitly in the sequel.
Lemma 2.3. Assume that I P R such that I ∩ R (I) = 0. Then the following are equivalent:
Proof. The proof is routine. 2
The next lemma appears in the proof of [17, Theorem 1.7(ii)].
Lemma 2.5. Let T be a right ring of quotients of R and Y a right ideal of T . Then R (Y ) = R (Y ∩ R).

Lemma 2.6. If T is a right ring of quotients of R, then Y
To see this, assume to the contrary that there is t ∈ T (Y ) with at = 0. Then there is s ∈ R satisfying ats = 0 and ts ∈ R.
In the following theorem, we characterize right rings of quotients of R which belong to the class IC via B(Q (R)). 
then there is r ∈ R with 0 = xcr and cr ∈ R because R R den Q (R) R . So we get a contradiction since cr ∈ I . Hence R (I) ∩ I = 0. Next we show that 
Assume to the contrary that there is x ∈ R (I) but x J = 0. Then there is y ∈ J with xy = 0. Since I R den J R , there is r ∈ R such that yr ∈ I and xyr = 0, a contradiction because xI = 0. Thus
Note that in Lemma 2.9(ii), we cannot weaken the condition I R den J R to I R ess J R . For example,
Our next result characterizes those ideals of R which are dense in a ring direct summand of Q (R) as precisely the elements of D IC (R). 
The following result plays a crucial role in the next section and is interesting in its own right.
Theorem 2.11. 
as in the proof of Lemma 2.9(i). By Lemma 2.5,
by assumption. By Theorem 2.10 there is a unique e ∈ B(Q (R))
We first show that
Then there is a nonempty finite subset Γ of Λ such that x, y ∈ γ ∈Γ e γ Q (R) R . As in the proof of part (i),
Hence there is r ∈ R with yr ∈ γ ∈Γ I γ R λ∈Λ I λ R and xr = 0. Thus The following corollary is a consequence of Corollary 2.8, [14, Theorem 4.7] , and Theorem 2.11(iii). Also observe that Corollary 2.12 can be deduced from [6] .
Corollary 2.12. Let R be a ring such that Q (R) is semiprime. Then B(Q (R)) is a complete Boolean algebra.
The following lemma is a crucial component in the proof of a proper generalization of Rowen's theorem in Theorem 2.14. Also it is of independent interest.
Proof. We may assume that I = 0. By Theorem 2.10, there exists e ∈ B(Q (R)) such that I R den e Q (R) R . Let c ∈ Cen(I). First we show that c ∈ Cen(e Q (R)). For this, assume that there is eq ∈ e Q (R) with q ∈ Q (R) such that ceq − eqc = 0. Since ceq − eqc ∈ e Q (R) and I R den e Q (R) R , there exists r ∈ R such that eqr ∈ I and ceqr − eqcr = 0. Let α = ceqr − eqcr. Assume that αI = 0. Since α ∈ e Q (R) and I R den e Q (R) R , there is s ∈ R with 0 = αs ∈ I . Thus αsI ⊆ αI = 0, so αs
In [38, Theorem 2], Rowen shows: Let R be semiprime with center C and polynomial identity f . Let A be any nonzero ideal of R. Then A ∩ C = 0. The result is known to be true even if R is not assumed to have a unity. Every semiprime PI-ring satisfies the hypothesis of our next result. However we include an example which shows that our next result is a proper generalization of Rowen's theorem. .) There is a semiprime ring R which does not have bounded index (hence R does not satisfy a polynomial identity) but R/P is a PI-ring for every prime ideal P of R. For a field F , let
Theorem 2.14. Let R be a semiprime ring with R/P a PI-ring for each (minimal) prime ideal P of R. If
0 = I P R, then I ∩ Cen(R) = 0.
Proof. First note that D IC (R) is precisely the set of all ideals of R by Remark 2.2(i). From [5, Theorem 1.2], there exists
Mat n (F ) A n is a scalar matrix eventually which is a subalgebra of
Then R is a semiprime ring which does not satisfy a PI, but R/P is a PI-ring for every prime ideal P of R. For further details, see [5] .
Structure theorems
Goodearl [26, Corollary 12.24, p. 158 ] (see also [25] ), showed that a von Neumann regular right self-injective ring R is a direct product of prime rings if and only if every nonzero ideal of R contains a minimal nonzero ideal. In 1998, Jain, Lam, and Leroy [27] used a dimension defined on bimodules to characterize right nonsingular rings R for which Q (R) is a direct product of prime rings, in terms of that dimension and certain conditions on ideals of R.
In this section, we remove the condition of nonsingularity from the result of Jain, Lam, and Leroy and characterize arbitrary rings R for which Q (R) is a direct product of prime rings or Q (R) is a direct product of indecomposable rings (Theorems 3.13 and 3.11). This generalization of their result is obtained by using the family of ideals, D IC (R), investigated in detail in Section 2 and by defining a new and useful dimension for bimodules.
Among other results, we provide a structure theorem for RB(Q (R)) when R is semiprime and has only finitely many minimal prime ideals (Theorem 3.15). Our results yield the structure of Q (A) as a direct product of prime rings, where A is an algebra (not necessarily with unity) over a commutative ring C with unity such that A (A) = 0 (Theorem 3.16).
We begin with our first definition in the general setting of bimodules even though in this section it will be used only on ideals of R. Definition 3.1. Let R and S be rings and M an (S, R)-bimodule.
(ii) We call jdim(M) the Johnson dimension of M, where jdim(M) denotes the supremum of the set of integers n for which there is a direct sum of n nonzero (S, R)-submodules,
For I P R, D IC (I) and jdim(I) are defined by considering I as an (R, R)-bimodule.
The following relation compares jdim(M) with other dimensions (see [27] ): (ii) Assume that R is prime. If 0 = I P R, then R (I) = 0. So I R den R R . Thus jdim(I) = 1. Conversely, assume that R is semiprime and jdim(R) = 1. Suppose that R is not prime. Then there is 0
Our next example shows that jdim(−) is a proper generalization of d(−).
Example 3.4.
, where F is a field. Let x be the image of x in T and
which is a subring of T . Then jdim(R) = 1 by Proposition 3.3(i) because R is an indecomposable right Kasch ring. However,
. Since R is an indecomposable right Kasch ring, jdim(R) = 1 by Proposition 3. 
ess I R by the modular law. Thus by Lemma 2.9(i) and
den I R , a contradiction to the maximality of n. For jdim(I) = ∞, the result is clear. 2
Note that from Proposition 3.5, we have: jdim(R) = 1 if and only if 
. . ,n. In this case, each f k is centrally primitive. For this, suppose that f k is not centrally primitive for some k. Then there are nonzero
Proposition 3.5, we have a contradiction to jdim(I k ) = 1. Thus each f k is centrally primitive. Note that (
On the other hand, by Theorem 2.10, there exists e ∈ B(Q (R))
Conversely, assume that there exists e ∈ B(Q (R)) such that I R den e Q (R) R and n(e Q (R)) = n. Then e = e 1 + · · · + e n , where e 1 , . . . , e n are orthogonal centrally primitive idempotents in Q (R). Now I ∩ e k Q (R) = 0 for each k = 1, . . . ,n. Take e k x, e k y ∈ e k Q (R) with e k x = 0, where x, y ∈ Q (R).
Since I R den e Q (R) R and e k x, e k y ∈ e Q (R), it follows that there is r ∈ R such that e k yr ∈ I and e k xr = 0. So e k yr ∈ I ∩ e k Q (R). Therefore 
Thus, as in the argument above, we see that 
Assume that jdim(I) = m < ∞ and jdim( J ) = n < ∞. By Proposition 3.6, jdim(I) = n(e Q (R)), jdim( J ) = n( f Q (R)), jdim(I + J ) = n(g Q (R)), and jdim(I ∩ J ) = n(ef Q (R)). Thus we check that jdim(I) + jdim( J ) = jdim(I + J ) + jdim(I ∩ J ).
Next assume that either jdim(I) or jdim( J ) is infinite. Say jdim(I) is infinite. Suppose that jdim(I + J ) = < ∞. Then by Proposition 3.6, there are orthogonal centrally primitive idempo-
. Hence by Proposition 3.6, jdim(I)
, a contradiction. 
R).
We show that A i e j = 0 whenever i = j. For this, assume to the contrary that A k e = 0 for some k = . Then a k e = 0 for some a k ∈ A k . Since (ii) If eT = i∈Λ Q i , then 
is orthogonal to Y . By Proposition 3.8 (for n = 2), E( A i ) = e i Q (R) where e i ∈ B(Q (R)) and e i e j = 0 for i = j. Thus E( A i ) is a ring. Since B(Q (R)) ⊆ T , H i = T ∩ E( A i ) = e i T is a ring with unity e i , for each i ∈ Λ. Also since ee i = e i for all i ∈ Λ, the map
defined by h(eq) = (e i q) i∈Λ is a well-defined ring homomorphism and an R-module homomorphism. Assume that eq ∈ Ker(h). Then eq ∈ i∈Λ e Q (R) (e i Q (R)) = e Q (R) ( i∈Λ e i Q (R)) = 0 (note that e Q (R) ( i∈Λ e i Q (R)) = 0 because i∈Λ A i ⊆ i∈Λ e i Q (R) and ( i∈Λ A i ) R 
R). We claim that h(e Q (R)) h(e Q (R))
den
( i∈Λ e i Q (R)) h(e Q (R)) . Let (x i ) i∈Λ , (y i ) i∈Λ ∈ i∈Λ e i Q (R) with (x i ) i∈Λ = 0. Then there is j ∈ Λ such that x j = 0. Thus (x i ) i∈Λ h(ee j ) = (x i ) i∈Λ h(e j ) = 0 and (y i ) i∈Λ h(ee j ) = (y i ) i∈Λ h(e j ) = h( y j e j ) = h(ee j 
y j ) ∈ h(e Q (R)). Hence h(e Q (R)) h(e Q (R)) den ( i∈Λ e i Q (R)) h(e Q (R)) . Thus Q (h(e Q (R))) = Q ( i∈Λ e i Q (R)). Since Q (e Q (R)) = e Q (R) and Q (e i Q (R)) = e i Q (R) for each i, it follows that Q (h(e Q (R))) = h(e Q (R)) and Q ( i∈Λ e i Q (R)) = i∈Λ Q (e i Q (R)) = i∈Λ e i Q (R). Hence h(e Q (R)) = i∈Λ e i Q (R). Therefore h is onto, so h is a ring isomorphism. (iv) and (v) In part (iii), assume that each A i P R. Note that H i = e i T and that e i ∈ B(Q (R)) from the proof of Proposition 3.8 and part (iii). Now parts (iv) and (v) are immediate consequences of Propositions 3.2, 3.3 and 3.6, and parts (i)-(iii). 2 Corollary 3.10. Let I ∈ D IC (R) with E(I) = e Q (R), where e ∈ B(Q (R)) such that jdim(I) = ∞ and e Q (R)
is a semiprime ring. Then we have the following:
(
ii) e Q (R) is an infinite direct product of nonzero rings.
Proof. Since e ∈ B(Q (R)) and Q (e Q (R)) = e Q (R) is semiprime, B(e Q (R)) is a complete Boolean
algebra by Corollary 2.12. Now the proof is an adaptation of [27, Theorem 4.6], and the proof of Theorem 3.9(ii) and (iii). 2
For the important case when e = 1 in Theorem 3.9(iv), our next result describes the structure of Q (R) as a direct product of indecomposable rings.
Theorem 3.11. (i) Q (R) is a direct product of indecomposable rings if and only if there exist ideals
ii) Let T be a right ring of quotients of R with B(Q (R)) ⊆ T . For a natural number n, T is a direct product of n indecomposable rings if and only if jdim(R) = n.
Proof. Take e = 1 and I = R in Theorem 3.9(iv) and use Proposition 3.6. 2
We characterize the semiprimeness of certain right rings of quotients of R via D IC (R) as follows.
Proposition 3.12. Let T be a right ring of quotients of R such that B(Q (R)) ⊆ T . Then the following are equivalent:
(i) T is semiprime.
Proof. (i) ⇒ (ii) It follows from Remark 2.2(i) and Lemma 2.6. 
(i) Q (R) is a direct product of prime rings if and only if there exist ideals
{I i | i ∈ Λ} of R such that ( i∈Λ I i ) R den R R , jdim(I i ) = 1 for all i ∈ Λ and R ∩ Q (R)X Q (R) ∈ D IC (R) for all X P R. (ii) Let T
be a right ring of quotients of R with B(Q (R)) ⊆ T . For a natural number n, T is a direct product of n prime rings if and only if jdim(R) = n and R ∩ T X T ∈ D IC (R) for all X P R.
Proof. This result is a consequence of Proposition 3.6, Theorem 3.9, and Proposition 3.12. 2
To show that our results properly generalize those in [27] , we give the following example where
Example 3.14. Let be a prime ring such that Z ( ) = 0 (see [19, 33] , or [35] ) and R = T n ( ), the n × n upper triangular matrix ring over . Then Q (R) is a prime ring, but R is neither semiprime nor right nonsingular, for n > 1.
Our next result is a structure theorem for the idempotent closure RB(Q (R)) when R is a semiprime ring with only finitely many minimal prime ideals. It is used for a characterization of C * -algebras with only finitely many minimal prime ideals in Section 4. Many well-known finiteness conditions on a ring imply that it has only finitely many minimal prime ideals (see [31, Theorem 11 .43, p. 336]).
Theorem 3.15. Let R be a ring. Then the following are equivalent:
(i) R is semiprime and has exactly n minimal prime ideals. 
(ii) Q IC (R) = RB(Q (R)) is a direct sum of n prime rings. (iii) Q IC (R) = RB(Q (R)) ∼ = R/P 1 ⊕ · · · ⊕ R/P n , where each P i is a minimal prime ideal of R.
Proof. (i) ⇒ (ii) Assume that
where each S i is a prime ring. So RB(Q (R)) has exactly n minimal prime ideals, K i , where K i = j =i S j as in the proof (i) ⇒ (ii). Now let MinSpec(−) be the set of minimal prime ideals of a ring. By [7, 
where each P i is a minimal prime ideal of R.
A straightforward argument shows that R is semiprime. Also by Theorem 3. 
. , P n }. 2
Let A be an algebra (not necessarily with unity) over a commutative ring C with unity such that A (A) = 0. From [41] , Q (A) exists. Let A 1 be the subalgebra of Q (A) generated by A and 1 Q (A) . Thus [41] , the definition of "dense" for a ring carries over to A. As in the proof of Lemma 2.9(i),
Now assume to the contrary that jdim(
. By Lemma 2.9(ii) and (iii), 
Then i∈Λ I i is a direct sum and jdim(I i ) = 1 as in the argument of the proof of Theorem 3.9, where A k and H k in Theorem 3.9 coincide with I i and e i Q (A) in the present proof, respectively. By Lemma 2.5,
Now assume that A is a semiprime ring. (e i A) ) is a field. Therefore each e i A is prime by [1, Theorem 11] because e i A is semiprime. Take 
Next, we prove that Q (A) ( i∈Λ e i Q (A)) = 0. For this, let X = i∈Λ e i Q (A) and 
which is contrary to the maximality of Λ. Therefore L = 0. Now the equivalence of (i) and (iii) of Theorem 3.16 yields the result. 2
The following result shows that [24, Theorem 2] is a corollary of Theorem 3.16. 
Applications to C * -algebras
In this section, C * -algebras are assumed to be nonunital unless indicated otherwise. We characterize a C * -algebra which is essential in a C * -direct product of prime C * -algebras and is an essential extension of a C * -direct sum of prime C * -algebras. As a structure theorem, we prove that, for a C * -algebra A, its local multiplier algebra is a C * -algebra direct product of ℵ prime C * -algebras if and only if the extended centroid of A is C ℵ , where ℵ is a cardinality. Thereby, for a given cardinality ℵ, we completely describe a C * -algebra whose extended centroid is C ℵ . As a byproduct, structures of the C * -algebras which have only finitely many minimal prime ideals as well as those which additionally satisfy a polynomial identity are obtained.
Recall that for a C * -algebra A, the algebra of all double centralizers on A is called its multiplier algebra, M( A), which coincides with the maximal unitization of A in the category of C * -algebras. It is an important tool in the classification of C * -algebras and in the study of K -theory and Hilbert C * -modules.
For a C * -algebra A, recall that the unitization A [37] to show the innerness of certain * -automorphisms and derivations. Its structure has been extensively studied in [4] . Since A is a norm closed essential ideal of A
. See [4, 23] , and [37] for more details on M loc (A) and Q b (A). [2] and [3] for more details on boundedly centrally closed algebras).
Lemma 4.2. Let A be a unital C * -algebra. Then A is boundedly centrally closed if and only if A is quasi-Baer.
Proof. Assume that A is boundedly centrally closed. A i to denote the C * -algebra direct product and the C * -algebra direct sum, respectively [4, p. 23] . We let | | denote the cardinality of a set. In the following theorem, we completely characterize a C * -algebra whose extended centroid is a direct product of copies of C. Also, we characterize a C * -algebra A such that A and its multiplier algebra M( A) are essential in a C * -direct product of prime C * -algebras. 
i∈Λ U i is a direct sum, CU i = U i , and A ( i∈Λ U i ) = 0. We show that U i is a prime C * -algebra. For this, let 0 = H , 0 = K P U i . Let H 1 and K 1 be ideals of A generated by H and K , respectively. Then by Andrunakievich's lemma, H
Next let V = i∈Λ U i . We prove that V P M( A). Observe that V P A and A P M( A). Let [36, p. 40] . We show that 
by modifying the proof of [31, Proposition 8.7(3) 
This completes the proof of (v) ⇒ (i).
Additionally, as in the proof of (i) ⇒ (v), we see that each U i = e i A ∩ A is a prime C * -algebra because U i is norm closed. Since A ( i∈Λ (e i A ∩ A)) = 0 from the proof of (v) ⇒ (i) and A is semiprime, it follows that ( i∈Λ (
In Theorem 4.3(v), one might expect that M( A) is a C * -algebra direct product of prime C * -algebras. However in the following example, M( A
is not a C * -algebra direct product of prime C * -algebras.
Moreover, let T be the set of all bounded sequences of complex numbers whose imaginary parts approach zero. Then T is an intermediate quasi-Baer * -ring between A and M loc (A), but T is not a C * -subalgebra of M loc (A).
Theorem 4 of [24] provides a sufficient condition for the extended centroid of a semiprime complex Banach algebra to be a direct product of copies of C. The authors of [24] consider this as one of the two fundamental results of their paper. From [24] , it can be shown that the ideals of a semiprime complete normed complex algebra which the authors call "atoms" are uniform ideals; in fact, each atom P has the property that if I is a norm closed ideal such that I ∩ P = 0, then I ∩ P = P . Now we consider the following example. The next lemma shows that Q b (A) is quasi-Baer for any C * -algebra A. When the indexing set Λ in Theorem 4.3 is finite, we obtain the following corollary. Also the equivalence of (i), (iv), and (v) in this corollary extends [4 
Let R be a semiprime ring, n a positive integer, and S an intermediate ring between R and Q (R).
Then, by [1, Theorem 11] , R has exactly n minimal prime ideals if and only if so does S. The following remark is a C * -algebra analogue. By Corollary 4.10, it is a restatement of Corollary 4.8 when ℵ is finite. In [4] and [36] , C * -algebras and Banach algebras satisfying a polynomial identity (PI) have been studied. In the following corollary, we characterize C * -algebras satisfying a PI with only finitely many minimal prime ideals. (x 1 , . . . , x n ) with integer coefficients such that the coefficient of one of the monomials in f of maximal degree is 1. Let g(x 1 , x 2 , . . . , x n ) =
